ABSTRACT. Let M n , n ∈ {4, 5, 6}, be a compact, simply connected n-manifold which admits some Riemannian metric with non-negative curvature and an isometry group of maximal possible rank. Then any smooth, effective action on M n by a torus T n−2 is equivariantly diffeomorphic to an isometric action on a normal biquotient. Furthermore, it follows that any effective, isometric circle action on a compact, simply connected, nonnegatively curved four-dimensional manifold is equivariantly diffeomorphic to an effective, isometric action on a normal biquotient.
rank is maximal, namely symrank(M n , g) = ⌊ n+1 2 ⌋, then M n is diffeomorphic to a sphere, a real or complex projective space, or a lens space.
In the non-negative curvature setting, when (M n , g) is simply connected and n 9, it is known that symrank(M n , g) ⌊ 2n 3 ⌋. If equality holds, then M n is diffeomorphic to S 4 , CP 2 , CP 2 # ± CP 2 or S 2 × S 2 for n = 4; to S 3 × S 2 , S 3× S 2 (the non-trivial S 3 -bundle over S 2 ) or S 5 for n = 5; and to S 3 × S 3 for n = 6 (cf. [GGS] ).
This article is concerned with the equivariant classification in low dimensions. Before the statement of the main result, it is necessary to recall that a biquotient is a quotient of a Lie group G by the two-sided, free action of a subgroup U ⊂ G × G. If G is equipped with a bi-invariant metric, then the action of U is by isometries and the quotient G/ / U equipped with the induced metric (of non-negative curvature) is called a normal biquotient.
Theorem A. Let M n , n ∈ {4, 5, 6}, be an n-manifold which admits a Riemannian metric with non-negative curvature and maximal symmetry rank. Then every smooth, effective action on M n by a torus T n−2 is equivariantly diffeomorphic to an effective, isometric action on a normal biquotient.
In light of the topological classification discussed earlier, we make the following remarks. Any smooth, effective T 4 action on S 3 × S 3 is equivariantly diffeomorphic to the standard action of T 4 on the Lie group S 3 × S 3 equipped with a bi-invariant metric (cf.
[Oh1]). From [Oh2] it follows that any smooth, effective T 3 action on S 5 is equivariantly diffeomorphic to a linear action (on a normal homogeneous space). Similarly, by the classification result of Orlik and Raymond [OR1] , any smooth, effective T 2 action on S 4 or CP 2 is equivariantly diffeomorphic to a linear action (on a normal homogeneous space).
In order to establish Theorem A, it therefore remains only to consider the actions of maximal rank tori on the manifolds CP 2 # ± CP 2 , S 2 × S 2 , S 3 × S 2 and S 3× S 2 . Each of these manifolds can be described as a normal biquotient of S 3 × S 3 by the free action of either a two-torus or circle (cf. [Ch] , [To] , [Pav] , [DV] ). The standard effective, isometric action of T 4 on the Lie group S 3 × S 3 induces a maximal rank, effective, isometric torus action on each of these biquotients. An examination of all possible induced actions on these biquotients then shows that every equivariant diffeomorphism type appearing in the classifications of Orlik and Raymond [OR1] and Oh [Oh2] is achieved. Grove and Wilking [GW] have recently shown that an effective, isometric circle action on S 4 or CP 2 is equivariantly diffeomorphic to a linear action. Furthermore, any effective, isometric circle action on a simply connected 4-manifold with non-negative curvature extends to a smooth, effective T 2 action (cf. [GG] , [GW] ). This fact, in combination with Theorem A, can be applied to CP 2 # ± CP 2 and S 2 × S 2 to draw the following conclusion.
Corollary B. An effective, isometric circle action on a non-negatively curved, simply connected 4-manifold is equivariantly diffeomorphic to an effective, isometric action on a normal biquotient.
It is worthwhile to remark that there exist smooth, effective (non-isometric) circle actions on S 4 which do not extend to a smooth T 2 action (cf. [Pao] ).
The paper is divided as follows. In Section 1 definitions and notation necessary for the rest of the paper are gathered. In Section 2 some general facts about smooth, cohomogeneity-two torus actions are recalled, while in Sections 3 and 4 all possible orbit spaces of smoooth, cohomogeneity-two torus actions on the manifolds CP 2 # ± CP 2 , S 2 × S 2 , S 3 × S 2 and S 3× S 2 are detailed. In Section 5 descriptions of these manifolds as biquotients are given and in Sections 6 and 7 it is shown that isometric, cohomogeneitytwo actions on these biquotients recover all of the orbit spaces described in Sections 3 and 4, thus proving Theorem A. Finally, in Section 8 we make some observations about principal circle bundles over the 4-manifolds CP 2 # ± CP 2 and S 2 × S 2 .
BASIC DEFINITIONS AND NOTATION
Let G × M → M, m → g ⋆ m, be a smooth action of a compact Lie group G on a smooth manifold M. We will denote the orbit space M / G of the action by M * . The cohomogeneity of the action is the dimension of the orbit space M * . The orbit G ⋆p through a point p ∈ M is diffeomorphic to the quotient G / G p , where G p := {g ∈ G | g ⋆ p = p} is the isotropy subgroup of G at p. If G p acts trivially on the normal space to the orbit at p, then G / G p is called a principal orbit. The set P of principal orbits is open and dense in M . In fact, the isotropy groups of principal orbits are all conjugate in G, hence each principal orbit has the same dimension. If G / G p has the same dimension as a principal orbit, but G p acts non-trivially on the normal space at p, then G / G p is called an exceptional orbit. An orbit that is neither principal nor exceptional is called a singular orbit. The set of exceptional orbits will be denoted by E and the set of singular orbits by Q. When G p = G, p is called a fixed point of the action. The set of fixed points of the action will be denoted by Fix(M, G).
Given a subset X ⊂ M, we will denote its projection under the orbit map π : M → M * by X * . Given a subset X * ⊂ M * , we will let X = π −1 (X * ) be its pre-image under π.
Recall that the ineffective kernel of the action is Ker := {g ∈ G | g ⋆ m = m, ∀ m ∈ M}. The action is effective if the ineffective kernel is trivial. The group G := G / Ker will always act effectively. We say that the action of G is free if g ⋆ m = m for some m ∈ M implies that g = e, the identity in G. In this case the orbit space M / G is a manifold. We may expand our definition of freeness to allow an ineffective kernel, namely g ⋆ m = m for some m ∈ M implies that g ⋆ m = m for all m ∈ M. In this case, the orbit space M / G is again a manifold, diffeomorphic to M / G, where G = G / Ker acts freely and effectively on M. If, in addition, there is a metric on M such that the action of G is by isometries, then there is an induced metric on M / G, given by the distance between orbits in M. Let a 1 , . . . , a n ∈ Z be relatively prime integers. Define the circle subgroup of slope
By the determinant of n circle subgroups G(a 1 ), . . . , G(a n ) of T n we mean the determi- 
We recall that two subgroups G(a 1 ) and G(a 2 ) of T n have trivial intersection if and only if there exist G(a 3 ), . . . , G(a n ) ⊂ T n such that the determinant of these n circle subgroups is ±1. A collection of n circle subgroups G(a i ), i = 1, . . . , n, span T n provided their determinant is non-zero, i.e. the vectors a 1 , . . . , a n span R n . They are generators of T n , that is, T n = G(a 1 ) × . . . × G(a n ), if and only if their determinant is ±1.
Consider now a closed subgroup U ⊂ G × G acting on a compact Lie group G via
This action is free if and only if, for non-trivial (u 1 , u 2 ) ∈ U, u 1 is never conjugate to u 2 in G. The resulting quotient manifold, denoted G / / U, is called a biquotient. As discussed above, we may extend the definition of biquotient to allow actions which act freely up to an ineffective kernel (cf. [Es] ). In particular, if G is equipped with a bi-invariant metric , 0 , then U acts by isometries and (G, , 0 )/ / U is called a normal biquotient.
COHOMOGENEITY-TWO TORUS ACTIONS
Let M n+2 be a smooth, compact, simply connected (n + 2)-manifold on which a compact, connected Lie group G acts smoothly, effectively and with cohomogeneity two. It is well-known (see, for example, [Br, Chapter IV] ) that in the presence of singular orbits, the orbit space M * of the action is homeomorphic to a 2-disk D 2 with boundary Q * , the projection of the singular orbits, while the interior points of M * correspond to principal orbits. When G = T n , n 2, the orbit space structure was analyzed in [OR1, KMP] (see also [Oh2] ). In this case the only possible non-trivial isotropy groups are S 1 and T 2 . The boundary circle, Q * , is a union of arcs, and the interior of each arc corresponds to orbits with isotropy S 1 , while the endpoints of each arc correspond to orbits with isotropy T 2 (see Figure 1) . Moreover, there must be at least n orbits with isotropy T 2 .
M * trivial isotropy
Suppose, on the other hand, that n 2 and M * is a two-dimensional manifold homeomorphic to D 2 . Partition the boundary of M * into N (ordered) arcs (N n) and to each arc assign an n-tuple
Consider each of these n-tuples x i to be the slope of a circle G(x i ) in T n . We say that M * is legally weighted with weights {x 1 , . . . , x N } if, for any two adjacent slope vectors x i and x i+1 (i cyclic index), there exist n − 2 other n-tuples in v 1 , . . . , v n−2 ∈ Z n such that the (n × n)-matrix with rows x i , x i+1 , v 1 , . . . , v n−2 has determinant ±1. This is equivalent to saying that the circles G(x i ) and G(x i+1 ) have trivial intersection, that is, there exist n − 2 other circles in T n such that together the circles generate (the homology of) T n . By [Oh2] , for any legally weighted, orientable 2-manifold M * there is an (n+2)-dimensional manifold M with orbit space M * under an effective T n action.
In fact, following similar techniques to those used in [OR1] , Oh [Oh2] showed that two (n + 2)-manifolds M and M ′ with smooth, effective T n actions are equivariantly diffeomorphic if and only if there is a weight-preserving diffeomorphism between their orbit spaces M * and (M ′ ) * .
Therefore, given an (n + 2)-manifold M equipped with a smooth, effective T n action, we may represent M uniquely in terms of its weighted orbit space:
where x 1 , . . . , x N ∈ Z n and gcd(x i ) = 1, for i = 1, . . . , N .
Moreover, [Oh2] has used the (legally) weighted orbit space M * to give information about the fundamental group of the manifold M. Indeed, if M * is a 2-dimensional disk and there are no exceptional orbits (i.e. no finite isotropy groups), and if x i ∈ Z n denotes the slope of the i
In particular, if the S 1 isotropy groups span T n (i.e. some n of the x i give an (n × n)-matrix with nonzero determinant), then π 1 (M) is finite, and if the S 1 isotropy groups generate T n (i.e. some n of the x i give an (n × n)-matrix with determinant ±1), then M is simply connected. Note that, if the S 1 isotropy groups do not span
. Hence we will always assume that the S 1 isotropy groups span
That the S 1 isotropy groups give trivial elements of the fundamental group can be explained as follows. Let p ∈ M such that T n ⋆p is a principal orbit and let q ∈ M such that T n ⋆q is a singular orbit with isotropy group G(x i ) of slope x i . Take a geodesic γ i (t)
T 2 ACTIONS ON 4-MANIFOLDS
As discussed in Section 2, the orbit space M * of a smooth, effective T 2 action on a smooth, compact, simply connected 4-manifold M is an oriented 2-disk whose interior consists of principal orbits and boundary contains k 2 isolated points corresponding to orbits with isotropy T 2 , i.e. fixed points. Arcs in the boundary between these points correspond to orbits with circle isotropy groups G(m i , n i ), 1 i k, where gcd(m i , n i ) = 1. Represent M in terms of its weighted orbit space, that is
In order for an orbit space M * to be legally weighted, it is necessary to have
Assume without loss of generality that M * is oriented from
) and recall that actions on M are in one-to-one correspondence with weights in the orbit space. Orlik and Raymond [OR1] have shown that M is equivariantly diffeomorphic to a connected sum of S 4 , ±CP 2 and S 2 × S 2 . However, as we are only interested in 4-manifolds which admit a Riemannian metric of non-negative curvature and maximal symmetry rank, in particular CP 2 # ± CP 2 and S 2 × S 2 , we may restrict our attention to the case where there are exactly four isolated fixed points on the boundary. This follows from the fact that
Without loss of generality we may reparametrize our T 2 action and assume that the weighted orbit space is of the form shown in Figure 2 .
x 2 = (0, 1) Since the orbit space is assumed to be legally weighted, it follows from (3.1) that ε 2 = 1, a = −ε 3 , d = −ε 1 and hence ε 1 ε 3 − bc = ε 4 = ε 2 ε 4 . Therefore ad = −2ε 4 (whenever
, depending on the parity of k. Thus, up to reparametrization and reordering, all possible legally weighted orbit spaces are given in Figure 3 below.
Figure 3: Possible legally weighted orbit spaces for
Let M be a smooth, compact, simply connected 5-manifold with a smooth, effective T 3 action. By the discussion in Section 2, the orbit space M * of the action is an oriented 2-disk whose interior consists of principal orbits and its boundary contains k 3 isolated points corresponding to orbits with isotropy T 2 . As before, arcs in the boundary between these points correspond to orbits with circle isotropy groups G(ℓ i , m i , n i ), 2 i k, where gcd(ℓ i , m i , n i ) = 1, and M may be represented in terms of its weighted orbit space, i.e.
Oh [Oh2] has classified such manifolds up to equivariant diffeomorphism. Indeed, if k = 3, M (together with its T 3 action) is equivariantly diffeomorphic to S 5 equipped with a linear action, while, for k 4, M is equivariantly diffeomorphic to either
, depending respectively on whether the second Stiefel-Whitney class w 2 (M) is trivial or not.
As manifolds which admit a Riemannian metric with non-negative curvature and maximal symmetry rank are the focus of our attention, by [GGS] we may therefore assume that k = 4, namely that M is one of
By a suitable reparametrization of the T 3 action, if necessary, we may assume that the orbit space of these manifolds looks like the one in Figure 4 below. Notice that x 1 = (1, 0, 0), x 2 = (0, 1, 0), x 3 = (p, q, r) and x 4 = (x, y, z) generate (1, 0, 0), (0, 1, 0), (0, 0, gcd(r, z)) ⊂ Z 3 . Therefore, from (2.1) we deduce that π 1 (M) ⊂ Z gcd(r,z) . In fact, as the following proposition shows, we can do better. Figure 4 , then π 1 (M) = Z gcd(r,z) . In particular, if M is simply connected, then gcd(r, z) = 1.
Proof. We want to use the theorem of van Kampen. Let b ∈ M lie on a principal orbit and let {e 1 , e 2 , e 3 )} denote the standard basis in R 3 . The circle of slope
In particular, from [Oh2] (cf. (2.1)) we know that π 1 (M, b) is generated by the homotopy classes (of circle orbits)
Denote the arcs in M * with weights (0, 1, 0) and (x, y, z) by L * 1 and L * 2 respectively, and their respective pre-images under the T 3 action by L 1 and L 2 .
Divide M into two open regions Ω 1 and Ω 2 , centred around L 1 and L 2 respectively, and with b ∈ Ω 1 ∩ Ω 2 . We may assume that Ω i is a 2-disk bundle over the corresponding arc L i , i = 1, 2, since the isotropy group G 3 (resp. G(x, y, z)) acts freely away from L 1 (resp. L 2 ) (see [Br, Chapter VI, Theorem 2.2] ). Then the orbit space of M under the T 3 action is as in Figure 5 .
The points in the interior of the arc L * 1 correspond to points in M with isotropy G 2 , while the endpoints of L * 1 correspond to points in M with isotropy given by G 1 × G 2 and G 2 × G(p, q, r) respectively. We can therefore think of L * 1 as the quotient of a G 1 × G 3 = T 3 / G 2 action on the 3-manifold L 1 , where the interior of L * 1 corresponds to points with trivial isotropy and the endpoints to points with isotropy G(1, 0) and G(p, r) respectively. By the work of Orlik and Raymond [OR1] , we know that L 1 is a lens space L(r; p).
As Ω 1 is a D 2 -bundle over L 1 , and since G 1 ⋆b and G 2 ⋆b are homotopically trivial in
Since M * is legally weighted, there exist λ, µ ∈ Z such that λy + µz = 1. Let A : R 3 → R 3 be the linear map given by
Since det A = 1, it follows that we can reparametrize our T 3 action by A, that is, Ae i , i = 1, 2, 3, generate T 3 . Notice in particular that
In terms of the new parameters, denote circles of slope e i and (p−(λq +µr)x, qz −ry, λq + µr) byG i andG ′ respectively. Then we may relabel Ω * 2 as in Figure 6 below.
Hence, as for L 1 , we deduce that L 2 is a lens space L(qz − ry; p − (λq + µr)x) and therefore
where λy + µz = 1.
In our original coordinate system it follows that
Consider now Ω 1 ∩Ω 2 . By the same reasoning as in [Oh2] , π 1 (Ω 1 ∩Ω 2 , b) is generated by the homotopy classes
The inclusion maps induce homomorphisms ι i :
On the other hand, since A −1 gives a reparametrization of T 3 ,
since gcd(y, z) = 1. Figure 4 , then (4.1) gcd(r, z) = 1, gcd(p, r) = 1, gcd(y, z) = 1 and gcd(py − qx, rx − pz, qz − ry) = 1.
Proof. The fact that gcd(r, z) = 1 follows directly from Proposition 4.1. From the discussion in Section 2 the orbit space is legally weighted if and only if there exist triples
This is possible if and only if the other three gcd conditions hold.
Suppose that we have a weighted orbit space as in Figure 4 and that the conditions in (4.1) hold. Set a = z, b = −(rx − pz), c = r and d = qz − ry. Then gcd(a, c) = 1, gcd(a, d) = 1 and gcd(b, c) = 1. Let m, n ∈ Z such that am + cn = 1.
Then (am + cn)b = b = −cx + ap, hence c(x + bn) = a(p − bm). Therefore, since gcd(a, c) = 1, x = −bn − ak and p = bm − ck, for some k ∈ Z. Similarly, it follows that y = −dn − aℓ and q = dm − cℓ, for some ℓ ∈ Z. Further, we find that gcd(b, d, py − qx) = 1 implies that gcd(b, d) = 1.
Therefore all possible legally weighted orbit spaces as in Figure 4 for a smooth, effective T 3 action on the simply connected manifolds S 3 × S 2 and S 
FREE ACTIONS ON S
Recall that S 3 × S 3 is a Lie group consisting of pairs of unit quaternions, i.e. pairs ( q1 q2 ) where q n = α n + β n j, with α n , β n ∈ C, |α n | 2 + |β n | 2 = 1, for n = 1, 2. Recall that ij = −ji and so, in particular, βj = jβ for all β ∈ C. Define S Let , 0 be a bi-invariant metric on
is not effective. Consider instead the T 4 action given by
This action is clearly effective. Moreover, it is an isometric action since it may be rewritten as a (well-defined) two-sided action as follows:
Then the action (5.1) can, in fact, be thought of as an action of T 4 ⊂ S(U(2) × U(2)) 2 on SU(2) × SU(2) since, for example, an
Consider the tuples (a, b, c, d), (−n, k, m, ℓ) ∈ Z 4 , such that am + cn = 1. As
we may reparametrize the effective, isometric action (5.1) via
to give an effective, isometric
In particular, if the circle (resp. torus) given by the z-coordinate (resp. (w, z)-coordinates) acts freely on S 3 × S 3 , then there is an induced effective, isometric action on the quotient by the (u, v, w)-torus (resp. (u, v)-torus). This raises the question of when the z-circle and (w, z)-torus act freely. It is easy to check that S 1 acts freely on [Ba] ). A consequence of DeVito's classification is that the quotient resulting from the explicit displayed action suggested by Pavlov [Pav] and claimed to be S 3× S 2 , in fact has w 2 = 0, hence must be diffeomorphic to S 3 × S 2 . In the paragraph preceeding this displayed action, Pavlov describes in words an action which gives the correct quotient. It can be shown that w 2 (M 5 a,b,c,d ) = a+b+c+d ∈ Z 2 . Hence, together with the freeness condition, it follows that M 5 a,b,c,d is diffeomorphic to S 3× S 2 if and only if exactly one of a, b, c or d is even (and is diffeomorphic to S 3 × S 2 otherwise). It should be noted that although we have parametrized our S 1 actions on S 3 ×S 3 differently to those in [DV] , the computation of the Stiefel-Whitney class w 2 is completely analogous to the computation carried out therein, and hence has been omitted. On the other hand, T 2 acts freely on
if and only if (without loss of generality) (5.5) am + cn = 1, aℓ + dn = ε 2 , bm − ck = ε 3 and bℓ − dk = ε 4 , where ε 2 , ε 3 , ε 4 = ±1.
Lemma 5.2. Suppose a, c ∈ Z are relatively prime and let m 0 , n 0 ∈ Z such that am 0 + cn 0 = 1. Then m, n ∈ Z satisfy am + cn = 1 if and only if there exists x ∈ Z such that m = m 0 − cx and n = n 0 + ax.
Proof. As the cases a = 0 and c = 0 are trivial, assume that a, c = 0. By subtracting am + cn = 1 from am 0 + cn 0 = 1 it follows that a(m 0 − m) = −c(n 0 − n). But a and c are assumed to be relatively prime, hence n 0 − n = −ax and m 0 − m = cx for some x ∈ Z.
Using this lemma, one can describe all possible free T 2 actions on S 3 × S 3 . In the case where ε 2 ε 3 ε 4 = 1 it turns out that, up to reparametrization of the action and diffeomorphisms of S 3 × S 3 (namely q 1 ↔ q 2 and q i →q i ), the action has the form (5.6) (w, z) ⋆ q 1 q 2 = zw r α 1 + zw r+λ β 1 j wα 2 + wβ 2 j where r ∈ Z and λ ∈ {0, 1}. Furthermore, M 4 r,λ := (S 3 × S 3 , , 0 )/ / T 2 is diffeomorphic to S 2 × S 2 for λ = 0, and to CP 2 # − CP 2 for λ = 1. This follows from work in [DV] via a change of parameters (cf. also [Ch] , [To] ).
In the case where ε 2 ε 3 ε 4 = −1 it can be shown that, up to reparametrization of the action and diffeomorphisms of S 3 × S 3 , the action has the form
Remark 5.3. Recall that the only smooth, compact, simply connected 4-manifolds admitting both non-negative curvature and an isometric circle action are S 4 , CP 2 , CP 2 # ± CP 2 and S 2 × S 2 (cf. [Kl] , [SY] ). The long exact homotopy sequence for a fibration
shows that S 4 and CP 2 cannot arise as biquotients (S 3 × S 3 , , 0 )/ / T 2 .
TORUS ACTIONS ON FOUR-DIMENSIONAL BIQUOTIENTS
In the T 4 action described by (5.2), let T 2 uv and T 2 wz denote the 2-tori given by the (u, v) and (w, z) coordinates respectively. Consider the induced effective, isometric T 2 uv action on any
wz , where T 2 wz acts freely (as in (5.6) or (5.7)), namely
It is clear that the quotient of
wz is a point, whereas
For each of the biquotients (S 3 × S 3 , , 0 )/ / T 2 wz we will determine the fixed-point set of the corresponding effective, isometric T 2 uv action, as well as any additional isotropy that may arise. As mentioned in Section 2, the only possible isotropy groups of an effective T 2 action on a four-dimensional manifold are S 1 and T 2 .
Lemma 6.1. Let T 
1). Then the fixed points of the action are the four points [S
1 × S 1 ], [S 1 j × S 1 ], [S 1 × S 1 j ], [S 1 j × S 1 j ] ∈ S 3 × S 3 / / T 2 k,ε ,
while a point has S 1 isotropy if and only if it lies in one of the four two-spheres
In particular, the S 1 isotropy subgroups of T 2 uv are arranged according to the diagram
r,λ is fixed by some element of T 2 uv . That is, there exist (w, z) ∈ T 2 wz such that
Then each of the following four conditions must hold:
First suppose that α 1 = α 2 = 0. Then w =v and 1 = uzw r+λ = uzv r+λ , since |β 1 | = |β 2 | = 1. Therefore z =ūv r+λ and hence for all (u, v) we have
The analogous computations in the cases β 1 = α 2 = 0, α 1 = β 2 = 0 and
, respectively, are also fixed points of the T 2 uv action. By effectiveness of the T 2 uv action, it is clear that whenever all of α 1 , α 2 , β 1 and β 2 are non-zero, the isotropy group is trivial. Now suppose that α 2 = 0 and α 1 , β 1 = 0. Then w =v and zw r = 1 = uzw r+λ . Hence z =v r =ūv r+λ , from which it follows that u = v 2r+λ . Therefore each point of [S 3 × S (1,0)
where r ∈ Z and λ ∈ {0, 1}. When λ = 0 (resp. λ = 1) it is clear from the discussion in Section 3 that all possible weighted orbit spaces for S 2 × S 2 (resp. CP 2 # − CP 2 ) are achieved. [Pe1, Pe2] that the orbifold X 3 r,s is homeomorphic to S 3 as a topological manifold. The subtori given by restriction to the (z, w) and (z, u)
coordinates are both of the form (5.6) and have quotients CP 2 # − CP 2 and S 2 × S 2 respectively. In each case the remaining effective and isometric (u or w) circle action on the 4-manifold has isotropy subgroups arranged according to the diagram
where the vertices are fixed points of the action. In the context of Fintushel's classification of smooth, effective circle actions on smooth, compact, simply-connected 4-manifolds via Seifert invariants (α i , β i ) [Fi1] , this shows that there are infinitely many smooth, effective circle actions on CP 2 # − CP 2 and S 2 × S 2 having the same α i invariants (i.e. the orders of the isotropy groups), and so these actions must be distinguished by their (harder to compute) β i invariants.
Remark 6.4. In the cases of CP 2 # ± CP 2 and S 2 × S 2 , Corollary B can also be proven directly, without appealing to Theorem A, by determining (up to equivariant diffeomorphism) all possible isometric circle actions on these manifolds in terms of Fintushel's classification of smooth, effective circle actions on smooth, compact, simply connected 4-manifolds [Fi1] and then performing computations similar to those in this section to show that each of these actions is realised by an effective, isometric circle action on the corresponding normal biquotient. For fixed point homogeneous circle actions, that is, those where the fixed point set of the action has a two-dimensional component (cf. [GS2] and [GG] ), all possible weighted orbit spaces (hence all such actions on these manifolds) were determined in [GG] . One can then reach the conclusion of Corollary B without using the work of Grove and Wilking [GW] . To determine the weighted orbit spaces for circle actions which are not fixed point homogeneous, one must combine Fintushel's classification with Theorem 2.4 in [GW] .
TORUS ACTIONS ON FIVE-DIMENSIONAL BIQUOTIENTS
From Oh's classification of smooth cohomogeneity-two torus actions on smooth 5-manifolds [Oh2] , we know that there is, up to equivariant diffeomorphism, a unique smooth T 3 action on S 5 . This is, of course, realized by the linear (isometric) T 3 action on the homogeneous space S 5 = SO(6)/ SO(5). As we are interested only in those simply connected 5-manifolds which admit a T 3 -invariant metric with non-negative curvature, that is, S 5 , S 3 × S 2 and S 3× S 2 (cf. [GGS] ), we may restrict our attention from now on to smooth T 3 actions on the manifolds S 3 × S 2 and S 3× S 2 .
Let S 1 act freely and isometrically on (S 3 × S 3 , , 0 ) via (5.3). Denote the quotient
Consider the effective, isometric 
1). Then the four points
] is fixed by some element (u, v, w) of T 3 uvw . That is, there exists z ∈ S 1 such that
By effectiveness of the T 3 uvw action, it is clear that whenever all of α 1 , α 2 , β 1 and β 2 are non-zero, the isotropy group is trivial.
Suppose first that β 1 = β 2 = 0. Then z awn = 1 and z c w m = 1, from which it follows that w = z = 1, since am + cn = 1. Thus the isotropy subgroup of the point [S 1 × S 1 ] is given by Suppose now that β 1 = α 2 = 0. Then z awn = 1 and v =z dwℓ . Let ζ ∈ S 1 such that ζ a = w. It follows by setting z = ζ n that z a = w n and v =ζ dn+aℓ . Hence the isotropy subgroup of the point [S 1 × S 1 j ] is given by
We remark that gcd(a, dn + aℓ) = 1, since gcd(ab, cd) = 1 and am + cn = 1. The analogous computation for α 1 = β 2 = 0 shows that the isotropy subgroup of the point [S where gcd(ab, cd) = 1, am + cn = 1, and k, ℓ ∈ Z. It is then clear from the discussion in Section 4 that all possible (legally) weighted orbit spaces for S 3 × S 2 and S 3× S 2 are achieved.
PRINCIPAL CIRCLE BUNDLES
Let B be an arbitrary simply connected manifold. It is well known that oriented (hence principal) circle bundles over B are classified by their Euler classes in the second integral cohomology H 2 (B; Z). Since B is simply connected, the total space P of the bundle is , it therefore follows that both S 3 × S 2 and S 3× S 2 arise, depending on the parity of k. Finally, we note that equation (8.1) can never be satisfied for any value of k.
